has a finite complex as K (π, 1) and if the Euler characteristic of K(π, 1) is nonzero, then π has trivial center. The core of Gottlieb's proof was the following PROPOSITION 
(Gottlieb). Let the compact connected polyhedron X have nonzero Euler characteristic, let xe X, and let a) be the loop at x traced out by x during some homotopy which begins and ends at the identity map. Then, in π(X, x), [&)] = 1.
The main theorem in this paper is essentially a generalization of Proposition 1.1. Let us call the map f:X-+X & periodic homotopy idempotent if / is homotopic to ( = ) f k+1 for some positive integer k. The most important case is k = 1, when / is a homotopy idempotent. Our theorem requires that an essential fixed point of / be used as base point. We carefully review the relevant fixed point theory of Reidemeister, Nielsen and Wecken, in § 2; for now it is enough to say that if the Lefschetz number of / is nonzero, then / has at least one essential fixed point. Gottlieb, in Proposition 1.1, was looking at the case / = l x : in that case all points are fixed points, and either all are essential or all are inessential depending on whether the Euler characteristic is nonzero or zero. Here is our theorem: It has already been hinted that Theorem 1.2 is a theorem in fixed point theory, but the applications we have in mind for it are outside fixed point theory. The first application is to the problem of splitting homotopy idempotents on finite complexes. The background material for that problem is disjoint from the background material for Theorem 1.2. Hence we have separated the two: that application is made in our paper [3] , which is intended to be a sequel to the present paper. However, to give a context for Theorem 1.2, we will say where homotopy idempotents actually arise. Suppose X d dominates the space Y; this means there are maps 1^7 such that u dou^l γ .
Then u<>d = u°(d <>u) °d, so nod is a homotopy idempotent. The problem of splitting, mentioned above, is the problem of whether this is the only source of homotopy idempotents, when X is a compact polyhedron. As we write, the answer is unknown. See [3] .
We have a possible second application of Theorem 1.2 in mind: it is unclear whether the Nielsen number (see § 2) of a homotopy idempotent can exceed 1; and the answer seems to be related to the presence of Z-summands in K Q {π x {X, x)). We will develop this in a later paper. (See note added in proof.)
Finally, we remark that our interest is in homotopy idempotents rather than periodic homotopy idempotents. Nonetheless, it seems sensible to do Theorem 1.2 for periodic homotopy idempotents. The only addition to the price is the need to use the classical Dirichlet theorem on the existence of infinitely many primes of the form nk + 1, for given k. And periodic homeomorphisms are thereby included, though we have not yet found an application of 1.2 in that context.
We gratefully acknowledge the help of Po-chu Chiang (= Bo-ju Jiang) who read an earlier version of this paper and made many helpful comments.
2* Review of fixed point theory• We recall the principal concepts of Nielsen-Reidemeister-Wecken fixed point theory. For details see [1] .
Let f:X->X be a map on a compact connected polyhedron. Two fixed points x and y are f-equivalent if there is a path τ from x = r(0) to 7/ = τ(l) such that τ and /or are homotopic rel {0, 1}. The /-equivalence classes are called fixed point classes: there are finitely many, and each is a closed set.
With each class is associated an integer called its index. The definition is homological, and is complicated to state in general (see [1; p. 87] ). But we will only need specifics for nice maps: in that case there is a combinatorial definition which we now give. Suppose X is a PL ^-manifold in R n and that for some triangulation K of X f is afδne on each simplex of K and has no fixed points in the (n -l)-skeleton K n~\ Let x e s be a fixed point in the ^-simplex s (there can only be one in s by our supposition).
where e{x) is the number of real eigenvalues greater than 1 of the linear map T x defined by translating /1 s to the origin, x being moved to 0. Of course eigenvalues are to be counted with multiplicity. Equivalently, the index of / at x is sign det (/ -T x )\ the equivalence can be proved using Jordan canonical forms. The index of a fixed point class is then the sum of the indices of / at each x in the class.
In the general case, the index of / at individual fixed points is not defined, only the index of each fiexd point class.
A fixed point class is essential if its index is nonzero. The number of essential fixed point classes is N(f), the Nielsen number of /. We denote the set of essential fixed point classes by E(f).
We now describe the sense in which N(f) and the nonzero indices are homotopy invariants. Suppose H is a homotopy from / to g. Then H induces an index-preserving bijection a B \ E(f) -> E(g) in the following way. First, suppose f{x) = x and g(y) -y. x is H-related to y if there is a path σ from x = σ(0) to y = σ(l) such that σ( ) and H(σ(-) 9 •) are homotopic rel {0, 1}. (One should think of σ(t) as being an "up to homotopy" fixed point of H t .) A fixed point class F of / is H-related to a fixed point class G of g if some (equivalently any) x e F is iϊ-related to some (equivalently any) y eG. It is a theorem [1; p. 94] •
The sum of the indices of all fixed point classes is the Lef schetz number L(f). Of course, if X is simply connected then there is only one fixed point class, whose index is L(f).
The geometrical meaning of N(f) is that for nice X(e.g., manifolds of dimension ^ 3) / is homotopic to a map having N(f) fixed points, and this is best possible. We shall not use this.
By an essential fixed point of / we mean a fixed point whose /-equivalence class is essential. As we have seen, if L(f) Φ 0, / has an essential fixed point. The converse is false. The map / on the "figure eight" which sends a to αr 1 and b to b 2 (α and b being the two loops) has L(f) = 0 but both fixed points are essential [1; p. 112] . PROPOSITION 
Let x e X be a fixed point of both f and g, let H: f = g and ω = H(x, •)• If the f-equivalence class of x is H-related to the g-equivalence class of x then there exists a loop σ based at x such that, in π^X, x), we have [co] = M ^M"
1 .
Proof. For any loop σ in X, the loop (x, •)*(#(•), 1)*(<?(•), •) is homotopically trivial in X x /, where σ(t) = σ(l -t). Hence ω* (g°σ)*H(σ( ), •) is trivial in X.
By hypothesis σ can be chosen so that H{σ{-), •) is homotopic to σ. Π 3* A first theorem, which implies Proposition 1*1* We now make our first application of the fixed point theory reviewed in § 2 to periodic homotopy idempotents. The theorem we get, Theorem 3.1, is not really suitable for our purposes, because the hypotheses are too strong. However: it is easily proved, it illustrates the method of proof of our "better" Theorem 1.2, and it implies Gottlieb's Proposition 1.1. 
where N = N(f) and α M+1 abbreviates a Ho{f ik xl) (in the notation of §2). These are N bijections between JV-element sets each of which has a preferred element, the class of x. For some m < n a n _ In § 5 we will apply this to a periodic homotopy idempotent /, in which case (a) and (b) must fail for suitable large p, forcing (c).
To prove 4.1 we need some lemmas. Proof, a fixes (/ -T a )~ιa (ϋ) . Suppose a fixes y and z; T a (y-z) = y -z so y = z since T a -/ is nonsingular.
• Proof of Lemma 4.2. By [4; p. 94] we can find K and # satisfying (i) and (ii); this is the K we want, so just assume / satisfies (i) and (ii). K has r vertices and s w-simplexes.
Let F be the space of maps X -> R* which are affine on eacĥ -simplex of K. Then feF and F = R nr . Let A be the space of affine maps R n -> R n . Let M n (R) be the space of real n x n matrices. We will show that for each integer p > 0 the elements of F having isolated period p points all in the interiors of w-simplexes are open and dense in F. By the Baire Category Theorem this is enough.
We construct a nonzero polynomial map n , so h + η also has isolated period p points when φ(h) Φ 0. We claim that when φ(h) Φ 0 and rj is in a dense open subset of R n , the (isolated) period p points of h + η miss the (n -l)-skeleton of K.
If a is affine and det (T a -I) Φ 0 then, as in 4.3, the unique fixed point (I -TJ^αCO) of a misses the polyhedron P if and only if α(0) misses the polyhedron (/ -T a )(P). We apply this, with P = K n~\ to each α ίχ° oa ip a(x) = Γ α (α;) + α(0), and by induction II) . The paper will appear in "Shape Theory and Geometric Topology," Lecture Notes in Math., SpringerVerlag.
